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Abstract. We express the configuration sums of the dilute wodel in regimes 1 and 2"
in terms ofg-trinomial coefficients. We then extend previous results to give expressions for all
phases and regimes, for odd for finite system size.

1. Introduction

In recent years, solvable lattice models have proved to be the source ofgnew
series identities of Rogers—Ramanujan type [1,2]. Polynomial expressions arising in the
configuration sums of models, before the infinite lattice limit is taken, provide a natural
finitization’ of the bosonic side of the identities [3,4]. Finitization is the basis for one
method of their proof [5]. In what follows we show hayvtrinomial coefficients provide a
natural and elegant way to write the configuration sums of the dilute A models [6], originally
stated in workable, but cumbersome, form in [7].

The g-trinomial coefficients were introduced by Andrews and Baxter [8] to express
the solutions of corner transfer matrix calculations for lattice-gas generalizations of the
hard hexagon model. It was pointed out in [9] tlatrinomial coefficients are implicit
in work on the dilute A models by Warnaar and Pearce [2, 10], who obtained Rogers—
Ramanujan-type identities, the bosonic side of which came from particular configuration
sums forL = 3,4, 6. Indeed, the ‘railroad’ polynomials at the end of [11], which feature
the g-trinomial coefficients, correspond to those for one regime of the dilute A model [12].

Here we make explicit the way in which thgtrinomial coefficients appear in the
dilute A model configuration sums fdr odd. We next present for the first time complete
expressions for regimest3and 4", which previously were treated only for the subset of
configurations corresponding to the ground states, and then only in the thermodynamic limit.
Finally, we consider the process of taking this limit for all of our expressions.

2. The Trinomials

The trinomial coefﬁcient('})2 is the coefficient ofc/*” in the expansion
A+x+x%" = Z <”) X/t (2.1)
—n \J/2
j=—n
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so that

(") N . (2.2)
J)2 gk kA P~ j — 2! .

satisfying the recurrence

@z B k_Zl_l('}li)z- (2.3)

TheGaussian polynomial@’,’f], also called thg-binomial coefficients, and th@aussian
muItinomiaIs[k’f’l] are defined by [13]

[m] _ (@ [ m ] _ (@Dm 2.4)
k (@Di(@m—k k,l DD i(@)m—k—t

where (a: q), = (@), = [[/25(1 — aq’).
Among a number of-analogues of the trinomial coefficients given in [8] is

m; B; q _ k(k-+B) (@Dm
("3), =%

k=0 @Dk @Dira(@m—26—n
_ k(k+B) m
L [k,k+A] (2.9)

k=0
Hereafter, we will refer to the-trinomial coefficients simply as ‘trinomials’.
Various identities and recurrences for the trinomials are to be found in [8] (and further
in [14,15]); we give here those needed for our discussion of the dilute A models. We
require onlyB = A, A — 1, so that we can use the notation [9]

i A — p; »
(m, P,Q) _ [m] p b= 0.1, 2.6)
A 2 Alz
The following symmetries hold fop = 0, 1:
m10 m (0) ma® N m (@)
"] = "] =4 . @2.7)
Alz —-A], Alz —-A],
The trinomials satisfy
-m10 m — 1‘(0) m— 1 (€8} a[m— 1 ©0)
= " " 2.8
_A]z [A—l_2 +4 [ A L T [AJrl}2 (2:8)
rm @ m—119 1[m-1 D Alm—1 ©
— m— 2.9
_A]z [A—l_z +4 [ A L +4q [A—lL (2:9)
- ©) ©) (6N ©
-1 -1 -1
" =" +qm " +gm | . (2.10)
A-1], A-1], A, A-2],

We point out that these, like (2.3), are depth one recurrences, with three terms on the
right-hand side. They can be rewritten in several guises using the identity

(0) (1)
m m1D m 10 m
m — m+1—A . 211
|:A—1:|2 +4 [A]z [A]z +4 |:A—11|2 ( )

However, it was the following identity [8] which was the key to the simplification of
the configuration sums appearing in [7]:

©

['Z];l) = ['Z];O)w*‘(l—q"’)m;ﬂz . (2.12)



g-Trinomial coefficients and the dilute A model 7669

The ¢-trinomial coefficients have been generalized in the work of Warnaar [16] and

Schilling [9] to g-multinomial coefﬁcients[’;‘]fl”). They provide the: = 2 case, and the
n = 1 case gives the Gaussian polynomials.

3. The dilute A model

The dilute A model was defined in [6] and comprehensive discussion and results are to be
found in [7]; here we summarize the features of interest for this work, referring readers to
[7] for more details.

The dilute A, model is anL state or ‘height’ model. There are eight regimes in the
model parameters, u, p for which it can be solved; however, fat odd, negatingp
corresponds only to a relabelling of the heights, so it suffices to consider only four:

T 1
regime 1 0 1 0 3r A=—(1-——
gl <p< <u< 4( L—i—l)
. b4 1
regime 2 O<p<l1 O<u<3r A:(l—i—)
4 L+1
T 1 (3.1)
regime 3 0 1 33— 0 A== (14—~
o]l <p< T <u< 4<+L+1>
. b4 1
regime 4 O<p<1 A—mT<u<0 A=—(1--—""-].
4 L+1

Using corner transfer matrix techniques [17], the order parameters of the model for
odd were found in [7]. The local height probabili§’(a) is the probability of heightz
occurring at a site, given that the model is in the phase indexdddndc. In all regimes
there are ferromagnetic phases- b, and in regimes B and 4" there are antiferromagnetic
phases = b + 1 as well.

If we define the (one-dimensional) configuration sums

XT10m419m12 () = Z qZ,}'Lle(U/’¢f+1,<Tj+z) (3.2)

02...0p,

the local height probabilities take the form

g~ S(@) X (q)

P"(a) = lim (3.3)
m—00 Zszl g S(a)Xabe(q)
in regimes T and 2", and in regimes B and 4
a?n/m Xabc
PPy = lim 4 @%@ (3.4)

m— 00 Zszl qaZA/n S(a)ngbc(q)'

The variableg is related top = exp(—e¢), the elliptic nome in the definition of the model
weights, by

g = e 12h/e for regimes 1 and 27, and

g = e rr=3n/e for regimes 3 and 4. (3.5)

The functionH (a, b, ¢), determined from the model's Boltzmann weights, is tabulated in
appendix B of [7] for regimes™.and 2". Due to a simple relation between thefunctions,

the form of the solution for regimes™3and 4" can be obtained by replacing with 1/g

in the solution for regimes™2and 1", respectively. (Having obtained the correct form, the
meaning ofg must be taken from (3.5).) The crossing facfgr) will not concern us.
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The configuration sum&?<(g) obey a recurrence relation
Xranbc (q) — qu(bfl,b,c) X;Inb_—llb (q) + qu(b,b,c) Xranb—bl(q) + qu(bJrl,b,C) ngbj_llb (q) (36)

Again we point out that this is of depth one, with three right-hand side terms. This can be
contrasted with the ABF [18] and CSOS [19] models, in which the adjacency rules force
neighbouring heights to differ by one, so that the corresponding recurrence relations have
only two terms on the right-hand side. The Gaussian polynomials (2.4), which themselves
satisfy such a recurrence, are found in the solutions. In the CSOS nifffehas the form

o0

(quadratic inj) m 3.7
2 4 [(M/Z)—ajJrﬂ} (3.7)

j=—o00

while for ABF, the difference of two terms with such structure is seen.
The solutions to (3.6) for regimetland 2" are listed as (5.26) and (5.36) of [7]. The
solutions are expressed in terms of two functidfjsb) and G/, (b), defined by:

o0
.2 . .
th; (b) = q(afs)a/Z E : {q(L+2)(L+1)_1 +[(L+2)a—(L+1)s] j+k(k+2(L+1) j+a—b)

Jok=—00

m
X[k,k—i—Z(L—i—l)j—i—a—b}

—g (L4+2)(L+1) j2+[(L+2)a+(L+1)s] j+as+k(k-+2(L+1) j+a+b)

m
X[k,k+2(L+1)j+a+b:|} (3.8)
and

00
G:n(b) — q(afr)a/Z Z {q(L+l)Lj2[(L+l)rLa]j+k(k+2(L+1)j+ab)

Jk==00

m
X[k,k—i—Z(L—i—l)j—i—a—b}

_q(L+1)Lj2+[(L+1)r+La]j+ar+k(k+2(L+1)j+a+b)

m
. 3.9
X[k,k+2(L+1)j+a+b” (3.9)
Using trinomials (2.5) and (2.6), we see that we can immediately rewrite the function
F? (b) with a single sum only:

©

0 . . m
FS (b) = g@ai2 g EHD LD+ (LA+Da—(L+Ds)] [ : ]
" j;oo 2AL+1)j+a—-b],
)
_q(L+2)(L+l)j2+[(L+2)a+(L+l)s]j+as [ m } . (3.10)
2AL+1)j+a+b],

Four different expressions appear in the solution to the recurrences in regims 1
obtained in [7]:

(i) Fb(b)
(ii) q"? i (b)
(i) Fh)+(L—q"q"Fyrib+1)

v)  q"PFiT ) + (A —q™q T PE (b - ). (3.11)

m—1
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As a consequence of (3.10), expressions (i) and (ii) have two terms of the same general
structure as (3.7), with trinomials replacing the Gaussian polynomials. However, the other
two expressions are not as ‘neat’ as those seen in other solvable models; they contain, in
fact, six such terms, of order — 1 as well as ordetn.

Applying (2.12) to expressions (iii) and (iv), it becomes apparent that the fundamental
building block in fact ought to be

FEP(b) = q(afb)(aerfs)/Z jio;q(L+2)(L+1)j2+[(L+2)a(L+1)s]j [Z(L . 1);7; Y b];p)
(3.12)
so that
Fy(b) = q""™HFOb) — FL0(=b)). (3.13)

Then each of the other two expressions in (3.11) can also be written as a differefice of
functions:

Fo(b) + (1= ¢"q"Fi2(b 4 1) = F2r 21 (b) — F, 2 (—b)

q"PFr D) + (L= q™q "PF) (b — 1) = F ) — F, 07D (=b). (3.14)
For regime 2, the expressions found in the solution to (3.6) as given in [7] are
(i) G}, (b)
(il q7"G, M)
(iii q~"2G ) + (L= g"™)g"G (b + 1)
(i*)  ¢'GL@ +A—q"qG:_1(3) — g G (0)
(iv) G2 (b) + (L —q™q G2 b - D). (3.15)
We are led to define an analogous function
G," ) = q(ab)(a+br>/2j=iooq<L+1>Lj2[<L+1>rLa]j [Z(L N 1)’? o blp) : (3.16)

Now, for the G}, function we have

G, (b) = g"""2(Gr0(b) — G, (=b)) (3.17)
and the remaining expressions in (3.15) can be rewritten using (2.12) as
q "G b) + (L= g™g"?G (b + 1) = G ) - G, (=b)
Gn(b) + (1 =g"q "Gy 50 =1 =Gyt (b) = G, "2 (=b). (3.18)
Applying (2.11) then simplifies (ifi) further.

Details of the substitutions and manipulations needed to obtain (3.14) and (3.18), as well
as confirmation (using (2.8)—(2.10)) that the new forms we list below satisfy the original
recurrence (3.6) were given in [20].

We are now in a position to rewrite the solutions from [7].

The possible values df must be broken into four sets. For regime they are

s1=1{1,3,...,1} s2={l+21,1+3,...,L-1}

s3=1{24,...,1—-1 sa={+21+4, ..., L} (3.19)
and for regime 2:

n=1{1.3...,1-1} th={+21+4+4,...,L—-1}



7672 K A Seaton ad L C Scott

t3=12,4,....1} ta={+11+3,...,L} (3.20)
wherel is given by
L-1
2 L4J +1 regime 1
[ = (3.21)
LL + 1J :
2| —— regime 2.
4
Then our forms for the solutions are
Frob) — F,"(=b) besibessande=b+1

ForrL0py — Fo-10(—p) besybesgandc=b—1
Xubc(q) — qu(b,b,c) m m
Forti) — F, P (—b) beszandc=b,b+1

m

Foralpy — FbY(—p) bessandc=b,b—1
(3.22)

in regime I". In regime 2, where, to avoid confusion, the solutions to (3.6) are called
Ya<(gq), we have

G20y — G 0(—b) betizbetgandc=b—1
Go=10(p) — G-b+10(—p) betrbetzandc=b+1
Gortl(p) — G, P (—b) berz\{2)andc =b — 1;

Y’;;bt(q) — qu(b,b,c)
betrzandc=b

G302 - G.2%(-2) bh=2andc=1

oMb — G2 (=b) betande=b,b+1.
(3.23)

This representation of the solutions is preferable for three reasons. First, there is a
pleasing symmetry between the structure of all elements, and direct analogy with the form
(3.7) seen in other models. In turn, this makes the process of taking the thermodynamic
limit (m — oo) simpler. Finally, performing the transformatign— 1/¢, which gives the
solution in the remaining two regimes, is now straightforward even whes finite. We
now explore these last two ideas.

4. Regimes 3 and 4"

The objects of interest in [7] were the order parameters (3.3) and (3.4). Hence it was only
important to takey — 1/g in terms inX%>¢(g) which would then dominate onee — oo.
Furthermore, it was necessary to do this only for the subset of configurations for which the
values ofb and ¢ correspond to a ground-state phase. In the light of the recent work in
which the bosonic polynomials for finite have featured, a complete set of expressions for
the configuration sums of the dilute A model in regimésa®d 4" is pertinent. Of course,

we wish to write them, including those already given in [7], in terms of trinomials.

In [7], the identity

[kml] qu2+12+k/—(k+l)m [kml} (4.1)
» P d1/q B
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was used when taking — 1/q in the regimes 1 and 2" solutions to find the configuration
sums in regimes4and 3", respectively. The expressions which result resemble (3.8) and

(3.9) but cannot be written in terms of the trinomi@;](zp). However, the literature [8]

provides furthely-analogues of the trinomial coefficients, among which is

m1)
T,(m, A, g2 = q[AZ—m2+p<m—A)1/2[ ] 4.2)
Al2
or using the notation of Schilling [9]
[’"](”) = gl P A-ml 2T @ (g, (4.3)
Al2 1q
We are thus able to write
fs,p(b)h/q — q[b(erp)fa(2b7s+p)7m(m7p)]/2
m
o0
< Z qL<L+1).i2+j[La—(L+1>(2b—s+p>] Tp<2) m,2(L+1)j+a—b) (4.4)
j=—00
T, _ _[b(r+p)—a@b—r+p)—m(m—p)]/2
gmp(b)}l/q —q[ p)—a p)—m(m—p)]/
o0
X Z q(L+1)(L+2)j2+j[(L+2)a—(L+l)(2b—r+p)] TP(Z)(m’ 2(L + 1)] + a— b)
j=—00
(4.5)

It is convenient to define two further functions

o0
HEP (b) = glb=as—men=pl/2 Z qL(L+1)jzfj[(L+1)sta] Tp(Z) m,2(L+1)j+a—b) (4.6)

j=—o00

00
I:;;p(b) — q[(bfa)rfm(mfp)]/Z Z q(L+l)(L+2)j2+j[(L+2)a7(L+l)r] TP(Z)(m’ 2(L + 1)] +a— b)
Jj=—00

4.7)

which should be compared with (3.16) and (3.12), respectively.
To obtain the configuration sums for regimé &om those in 2 we replaceg with
1/q in the five expressions from (3.15), though of course in tleform, giving

0] °(b) — Z,,"°(—b)

(ii) I,T_l’o(b) _ I,;(}H'l)’o(—b)

(ii) I (b) — I, (~b) (4.8)
iy  7;°@ -17,%°(-2)

(iV) Zr(nb+1),1(b) _ Z,;(Hl)’l(—b).

Finally, the four expressions we need to wrkg’(g) for regime 4 are
(i) Hy2(b) — H,,"O(=b)
(ii) Ho 20y — M, O 0(—b) (4.9)
(iii) HY ) — H, "D (—b)

(iv) HoY D) — H P (—b).
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5. Virasoro characters

Like those of other solvable models, in the thermodynamic—{ oo) limit, apart from

some prefactors which cancel in the order parameters (3.3) and (3.4), the ground-state
configuration sums of the dilute A model coincide with characters of the associated
conformal algebra. In regimes-land 2" this is the unitary minimal series (p, p + 1),

and in the other two regimes the product of this series with the Ising mafig, 4). The
Rocha-Caridi form for the Virasoro character ®f(p, p + 1), normalized as in [11], is

X (g) = 3 (PRI _ UrnGe ) (5.7
(@oo ;2=
It was established in [7] that for the ferromagnetic ground states
regime 1 X (q) ~ x L2 (q) s=13...,L
regime 2 X (q) ~ LV (g) r=213,...,.L—2
ime 3 abb ’ (L+2) (5.2)
regime X7 (q) ~ X6 xgs 2 (q) s=24,...,.L+1
regime 4 X2 (q) ~ x116(@) x5 (q) r=24,...,L—-1
and for the antiferromagnetic ground states
regime 3 XZ"g) ~ X 2@x5P@) s=13... L
' (5.3)
regime 4 ngb+l(q) ~ qu/g(q)xr(’ﬁ"'l)(q) r=13...,L -2
Here the Ising characters are
Xuas2(q) = x,(jll,l(q) X1/16@) = x19(@) (5.4)

andu, = 0,1 depends on the parity af andb, and whethem is taken to infinity through
odd or even values, a feature of antiferromagnetic phases.

These results can be obtained more simply than they were in [7], now that the
configuration sums have all been written as the difference of two terms, each of which
contains trinomials.

The asymptotic behaviour of the trinomials is [8]

. m10) 1
im ["]7 = L
m—oco L A 12 (@)
@ 1494
im ["]" = +4q
m—oco LA 12 (@)oo

1(=¢"% Do + @5 Do _ 47" x0(q)

lim 72 m, A) =

(m:nézogven 2 (9) oo N (@)oo
1 (—g1/2- a1/, 1/48
lim To(z)(m, A) = 7( a7 Qoo — (@77 Qo _ q7""x12(q)
(n~A) odd 2 (9)o (9)o
. —1/24
lim T2(m, A) = (-4 D _ 4 X1/16(61). (5.5)
m—00 (@)oo (9)

It is immediately apparent that, in the thermodynamic limit of (3.22), (3.23), (4.8) and
(4.9), the trinomials always provide the prefactgiq)., which goes with the sum over
to build the appropriate charactgff*l). In regimes 3 and 4" they also provide the Ising
character. It is then straightforward to observe that all configurations in (4.8) and (4.9),

1 The characters used in [7] were not in the normalized form of (5.1).
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including the non-ground-state ones, give the same characters as appear in (5.2) and (5.3),
when the values ob are correctly chosen from (3.19) and (3.20). Finally, we observe that
elements (i) and (iv) in regimes*land 2", which do not correspond to ground states

and hence were not treated in the thermodynamic limit in [7], give combinations of the
characters from (5.2):

regime 1 (i) ~ g @Dy 132 (g) 4 glaDa=2/2y (LE2 ) bess
(iv) ~ g D@2y (EED (g) 4 gla=D@=D2y T2 () b€ s3
regime 2 (iii) ~ q(afb)(ale)/ZX}El:Jlr’J‘-l)(q) +q(a7b)(a71)/2xéi4£3‘-l)(q) bets
(iv) ~ q@ D@2 130 (g) 4 gla—Dar2y L0 ) bets (5.6)

6. Closing remarks

Bosonic polynomials, like those discussed above, have attracted interest because they
provide one side of generalized Rogers—Ramanujan-type identities. This idea was explored
for the dilute A3 model in [10], with the notation of [7]. We are thus able to give alternate
expressions to those in (13) of [10] for some elements:

YX22 = g"(B31(m,1,2) + ¢ B11(m, 1,0)}
Yn],;33 = qmiBB]_,l(m, 1, 3). (61)

In doing this, we have taken our expressions (iii) and (iv) and made use of the identity

(2.11) to write all terms using',f];o); that this gives a simple expression is a special feature
of L =3.

Solutions to the recurrence relation (3.6) for the dilute odel have only appeared
for L odd. Consequently, here we provide the natural ‘language’ for a future solution with
L even. We have also made explicit the role of thérinomial coefficients, bott[’;‘](zp)
and Tp(2> (m, A), in the configuration sums of the dilute A model, giving our results for all
regimes and phases.
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